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Introduction



Motivation Probability and Causation

Probabilistic models, such as
Bayesian Networks, enable the

representation of joint probabilities ( : P(*™|.) : :
P( ™)

Amsterdam Causality Meeting — 4th December 2024



Motivation Probability and Causation

Probabilistic models, such as
Bayesian Networks, enable the

representation of joint probabilities i ; P(*™|.) : ‘/\
P( ™)

Causal ordering is not necessary

for probabilistic modelling. Q P (o)

Amsterdam Causality Meeting — 4th December 2024



Motivation Probability and Causation

Probabilistic models, such as
Bayesian Networks, enable the

representation of joint probabilities i ; P(*™|.) : ‘/\
P( ™)

Causal ordering is not necessary

for probabilistic modelling. Q P (o)

..butit's needed to predict the effect
of interventions!

Amsterdam Causality Meeting — 4th December 2024



Motivation

Key Challenges: Learning
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Learning causal models (a.) is ) @ '\
challenging and generally requires ! '
non-observational data. (@) (b.)
1
1 1
' '
\ 1
\\ X, X X p
v -1.2 03 0.1 )
v 1.0 02 03

05 0.1 0.2

Amsterdam Causality Meeting — 4th December 2024



Motivation

Key Challenges: Learning

/‘ \

Learning causal models (a.) is )/ @ Y
challenging and generally requires ! '
non-observational data. @) (b
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Motivation Key Challenges: Representing

Causal relations might not be
defined on the same level of detail
of the observed variables.
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Motivation Key Challenges: Representing
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Causal relations might not be !
defined on the same level of detail '
of the observed variables. O\

Causal Abstraction assumes the - '

existence of higher-level aggregated e ’
abstract variables. @9
\
\
Can we use this to understand or @ )
interpret large models? S
- )
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Background



Structural Causal Models Definition

Exogenous

A Structural Causal Model
M =(X,E, f,Pp),

specifies the deterministic
mechanisms fbetween a set of
endogenous variables X and a
set of exogenous variables E
with distribution Pg.
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Structural Causal Models Definition

Exogenous

To each endogenous variable

X € X, we assign an exogenous
variable Ey € E.

The endogenous mechanism fy
of X'is then defined as a function

fi: D(Pa(X) v Ex) — D(X).

We define the model reduction
M : D(E) - D(X),

whenever the model is acyclic.
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Interventions How to manipulate an SCM?

Given an SCM X,
M = (X,E,f:]P)E),
a subset of variables Vv c X and a setting
v € D(V), a hard intervention i = (V < v)
results in a SCM M = (X, E, f|,Pg), where M Q(D
i Vx XevV
fX =
fx Xev,
for each endogenous variable X € X. @
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Interventions

Given an SCM
M :(X,E,f:]P)E),

a subset of variables Vv ¢ X and a set of
functions h, a soft interventioni = (V < h)
results in a SCM M = (X, E, f|,Pg), where

hX Xev

fi=
fx Xev,

for each endogenous variable X € X.
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How to manipulate an SCM?




Additive Noise Models Linear SCMs

Exogenous

In a linear ANM, endogenous
mechanisms have form

X = Z W% + €
XePa(X;)

for each Xje X.
The model reduction is

M) =T-W)le

=F'e.
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Causal Abstraction with Soft Interventions



Scenario Double the notation, double the fun!

Low-Level SCM

Defined on variables X with
exogenous noise P, structural
functions f, and interventions I
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Scenario

Low-Level SCM

Defined on variables X with
exogenous noise P, structural
functions f, and interventions I

Sensor data, raw measurements, or
high-dimensional data.
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Scenario Double the notation, double the fun!

Low-Level SCM High-Level SCM

Defined on variables X with Defined on variables Y with

exogenous noise Py, structural exogenous noise Py, structural

functions f, and interventions L functions g, and interventions J.
L=

Sensor data, raw measurements, or
high-dimensional data.
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Scenario Double the notation, double the fun!

Low-Level SCM High-Level SCM
Defined on variables X with Defined on variables Y with
exogenous noise Py, structural exogenous noise Py, structural
functions f, and interventions L functions g, and interventions J.

E = H =
Sensor data, raw measurements, or Summary statistics, overviews, or
high-dimensional data. low-dimensional data.

1X] > Y]
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~Abstraction Beckers and Halpern (2019)

Given two SCMs
* L =(X,E, f,Pp) with admissible interventions I,
* H =(Y,U, g, Py with admissible interventions J,

Causal Abstraction consists of two surjective functions
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~Abstraction Beckers and Halpern (2019)

Given two SCMs

* L =(X,E, f,Pp) with admissible interventions I,

* H =(Y,U, g, Py with admissible interventions J,
Causal Abstraction consists of two surjective functions

* 7: D(X) - D(Y) (Endogenous Map)

* y: D(E) - D) (Exogenous Map)
that induce a unique intervention map w: I — Jsuch that

w@i) = j < Rst(j) = {r(x) | x € Rst(i)}

Rst(V < v) = {x | xy = v}
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-Abstraction Interventional Consistency

H is a -abstraction of L.

ToLi=HWDoy
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-Abstraction Interventional Consistency

H is a -abstraction of L.

—
u HO >

Y T
e o > X
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Intervention Map

£ The intervention map is defined for hard interventions only.

£ The intervention map does not have an explicit form.
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Motivation



Soft Restriction Set Massidda, Geiger, et al. (2023)

The Soft Restriction of an intervention
i = (V « h) contains all the values that an
intervened model can assume.

{2} SoftRst(M?) = {x € R® | x5 = 2, x, € Image(Ax.2x)}

/ > ={x € R% | x; = 2, Even(x,)}.

0.5 0.5

@ e —0.2 —0.2
2 | € SoftRst(Mi),| 2 | ¢ SoftRst(M?)
{0,2,4,6,. 16 7

i=(X; < 2,X, < 2X,) 9.4 9.4
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Soft Restriction Set

{2}
/ >
RO

{0,2,4,6,.
i=(X; < 2,X, «2X,)
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Massidda, Geiger, et al. (2023)

The Soft Restriction of an intervention
i = (V « h) contains all the values that an
intervened model can assume.
SoftRst(M?) = {x € R® | x5 = 2, x, € Image(Ax.2x)}
={x € R% | x; = 2, Even(x,)}.

0.5 0.5

—0.2 —0.2
2 | € SoftRst(M),| 2 | ¢ SoftRst(M?)
16 7

9.4 9.4

Then, we define w as

(i) =j < SoftRst(#/) = {T(x) |x € SoftRst(Ei)}.



Abstraction Ambiguity Massidda, Geiger, et al. (2023)

L

Xy =L
Xp = Ey(X; + 1)
X3 = XX,
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L L

X; =E Xi=E
=X« X;+X)
X, = Ey)(X; +1) J ’{ X, = Ey)(X; +1)

X3 = X1X2 X3 = Xl + XZ




Abstraction Ambiguity Massidda, Geiger, et al. (2023)

L L

X; =E Xi=E

1 Xp = Ep(X; + 1)

=X« X;+X)

Xy = EZ(Xl +1)
X3 = XX, J

X3 = Xl +X2




Abstraction Ambiguity Massidda, Geiger, et al. (2023)

L Ll
X, :=E X, :=E
e = (G < X, +X,) e
X, = Ey(X; + 1) M X, = Ey(X, + 1)
X; = X, X, ’ X; = X, + X,
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Abstraction Ambiguity Massidda, Geiger, et al. (2023)

Y, Y, YaY, ([Y;=Y] The two high-level

F F = T interventions differ only for

F T F F values that are never

T F = F reached by the model for any
T 7T T T exogenous configuration.
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-Abstraction with Soft Interventions Massidda, Geiger, et al. (2023)

H is a -abstraction of £ on soft interventions

g

ToF =GO o[y, 1]
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-Abstraction with Soft Interventions Massidda, Geiger, et al. (2023)

‘H is a -abstraction of £ on soft interventions

0]
u,y GG

Fi
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-Abstraction with Soft Interventions Massidda, Geiger, et al. (2023)

By generalizing the restriction set and testing consistency
for each abstract variable, we can uniquely define  for soft

interventions such that

@) =Y « 10 Fotpy)
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Causal Abstraction on Linear Models



Questions in Causal Abstraction

£3 Which causal graphs are consistent with abstraction?

£ Which causal mechanisms are consistent with abstraction?
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Motivation



T-Abstraction Massidda, Magliacane, et al. (2024)

H is a T-abstraction of £

H is a r-abstraction of £ and 7(x) = T x, where T e RXKYI,
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Relevant Variables

043 O 0

0 0 0

071 O 0

T = 0 052 0
0 -012 O

0 0 0

0 0 0.9
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The set of relevant variables of an
abstract variable Y € Yis the subset
of concrete variables IIx(Y) on which
it depends through T.
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The set of relevant variables of an
abstract variable Y € Yis the subset
of concrete variables IIx(Y) on which
it depends through T.

Lemma 6.3.1, p. 4:
Relevant variables must be disjoint.



Intervention Map

As a consequence of disjointness and linearity,
the intervention map w is uniquely defined.

V)= «y) = V=Ix¥)andy =

Amsterdam Causality Meeting — 4th December 2024
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T-direct Path

A directed path between two variables is T-direct
if and only if any other variable on the path is not relevant.
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Graphical Properties of T-abstraction

Lemma 6.3.3, p. 77:
Let X, € Ix(Y;) and X, € Ig(Yy). If X,—X,

in £, then

Sufficient Edge Condition
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Graphical Properties of T-abstraction Sufficient Edge Condition

Lemma 6.3.3, p. 77:
Let X, € Ix(Y;) and X, € Ig(Y,). If X,—X, in £, then Y, — Y, in .
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Graphical Properties of T-abstraction Sufficient Edge Condition

Lemma 6.3.3, p. 77:
Let X, € Ix(Y;) and X, € Ig(Y,). If X,—X, in £, then Y, — Y, in .

Amsterdam Causality Meeting — 4th December 2024 22



Graphical Properties of T-abstraction Faithfulness Assumption

With cancelling paths, things get nasty!
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Graphical Properties of T-abstraction Necessary Edge Condition

Theorem 6.3.5, p. 78:
LetY; — Y, in . Then, vX, € IIx(Y;), 3X, € Ix(Y,) S.t. X;—X, in L.

‘H is a r-abstraction of £
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Properties of T-abstraction

Exogenous Abstraction and Ordering

The exogenous abstraction function
is a linear transformation

y(e)=STe,

where S = FTG ™.

043 O 0
022 O 0
071 O 0
S = 0 052 0
0 -012 O
0 0 -1.02
0 0 0.98
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Properties of T-abstraction

Exogenous Abstraction and Ordering

The exogenous abstraction function
is a linear transformation

y(e)=STe,

where S = FTG ™.

043 O 0
022 O 0
071 O 0
S = 0 052 0
0 -012 O
0 0 -1.02
0 0 0.98
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The set of block variables of an
abstract variable Y € Yis the subset
of concrete variables II(Y) on which
it depends through S.

Lemma 6.3.8, p. 81:

Relevant variables are a subset of
block variables.

Lemma 6.3.9, p. 82:

Block variables must be disjoint.
Theorem 6.3.10, p. 82:

Block variables follow abstract
ordering.

25



Overview

Properties of T-abstraction

TI(Y;)

T(yy) i TI(Y,)

26
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Parametrical Properties of T-abstraction Theorem 6.3.13, p. 84

‘H is a T-abstraction of £

<~

Tol:i:er(i)oy

Amsterdam Causality Meeting — 4th December 2024 27



Parametrical Properties of T-abstraction

Theorem 6.3.13, p. 84

‘H is a T-abstraction of £

Y <y Y; = ) <, I(Y)

Wiij = mijti
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Parametrical Properties of T-abstraction

Theorem 6.3.13, p. 84

H is a T-abstraction of £

Y <3 Y; = T(Y) < TI(Y))

W,I- W) 't =myt;
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Parametrical Properties of T-abstraction Theorem 6.3.13, p. 84

H is a T-abstraction of £

Y <3 Y; = T(Y) < TI(Y))

W,I- W) 't =myt;

This characterization enables testing for T-abstraction in closed form.
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Causal Abstraction Learning with Non-Gaussian Noise

e ~ Exponential fori = 1,....[D,|,
Assuming non-Gaussian noise, linear

ANMs are identifiable from O = £(e®) fori=1,..,|Dg|,
observational data (Shimizu et al. 2006).
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Causal Abstraction Learning with Non-Gaussian Noise

e ~ Exponential fori = 1,....[D,|,
Assuming non-Gaussian noise, linear

ANM s are identifiable from O = £(e®) fori=1,...,|D,l,

observational data (Shimizu et al. 2006). ) )
yO = H(y(eD)) fori=1,..,|D,

What about abstractions?
such that [D)| < |Dg|.

Amsterdam Causality Meeting — 4th December 2024 28



Abs-LINGAM

o /+@
K=< @ /@
o /+@
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i. Recover T from D,
ii. Abstract D, and recover A
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Abs-LINGAM Pipeline

A i. Recover T from D,
£ ii. Abstract D, and recover A
ii. Define constraints K from H, T
o 1-@
K=< @ /@
o +-@
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Abs-LINGAM

Pipeline

o /+@
K=< @ /@
o /+@
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i. Recover T from D,

i. Abstract D, and recover A

iii. Define constraints K from #, T
iv. Recover £ from D, and K

29



Abs-LiINGAM Algorithm

Algorithm 1: Abs-LINGAM
Input: Concrete Observational Dataset D,
Joint Observational Dataset D,.
Result: Abstraction function T € R%?,
Abstract adjacency matrix M € R?,
Concrete adjacency matrix W e R4,

T Arg Min g pia Z(x,y)eDJ JxTT - yTH;
fory, evdo = Select Relevant Variables
| TR(Y) « (X € X | [£], = 0}
end
I??{» - {TTx |xeDg} » Create Abstract Dataset
M « DireCtLiNGAM(DH», ) > Abstract Discovery
K<9o
fory,Y;eYdo » Collect Prior Knowledge
if Y, -» Y, then > Check Ancestorship in M
for X; e TIx(Y), X, € Ig(Y;) do
| K< Ku{Xp > X}
end
end
end
W« DirectLiINGAM(D,K) » Concrete Discovery
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Experimental Results

Abs-LINGAM
1.0
! 100
/
0.9 7
i 80
i
]
08 3 —
Y J Z 60
< / £
o =
80.7 i = 40
;
i
0.6 /| —— DirectliNGAM 20
li Abs-LINGAM (Bootstrap) /.
05 EEEN ---- Abs-LINGAM o P
0 25 50 75 100 125 150 10 20 30 40 50 60
Paired Samples |D)| Concrete Nodes [X|
(b) Execution Time (s) over Graph Size |X|

(a) Performance over Paired Samples [D)|

Introducing abstract information in the LINGAM pipeline, we gain significant
speedup (2x) in execution time (b, right) without performance loss (a, /eft) on the
retrieval of the concrete model (|X| € [25,50],|Y| = 5).
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Conclusions



Applications: Surrogate Models

Dyer et al. (2024)

Surrogate models are usually
trained for predictive tasks.

Causal Abstraction enables the
training of interventionally
consistent surrogate models.

Dyer et al. (2024) shows how to
fasten policy evaluation by
abstracting SIRS epidemiological
models.
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Applications: Neural Network Interpretation Geiger, Lu, et al. (2021)

The interpretation of neural
networks is strongly related to
causal queries: why? what if?

Causal Abstraction provides a
framework to determine
whether a neural network
implements a causal model.

Geiger, Wu, et al. (2021) also
shows how to enforce causal Neural Network Causal Model

constraints when training neural
networks.
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Applications: Causal Mechanisms in LLMs

Wu et al. (2024)

Nl ¢ o
-
AN
P=X<Z True True Q=Z<Y

AT

2.00 3.00 150
X Y z

Causal Model
(Left and Right Boundary)

Neural Network
Instruction: Say yes only if the cost
is between 2.00 and 3.00 dollars.

Input: 1.50 dollars

No PAQ

AN

P=Xs<Z True False Q=Z=<Y

5.00 8.00 9.30
X Y z

LM Head

77 Learned
[ Rotation Matrix

MLP with Skip
Connection

Multihead
Self-Attention

(m]

m]

o

Dimensions in
Rotated Space

Token

Instruction: Say yes only if the cost
is between 5.00 and 8.00 dollars.

Input: 9.30 dollars

It works for LLMs too!

Amsterdam Causality Meeting — 4th December 2024

Intervened
Representations

[¢]
© Rep
o

Intervention
3 Flow
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Conclusion

Recap:
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representation of complex causal relations.
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Conclusion

Recap:
+ Causal Abstraction enables concise
representation of complex causal relations.

« r-abstraction provides a and explicit
intervention map for generic causal models.

* For linear models, we have sound guarantees
on both graphical and functional properties.
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Conclusion

Recap:
+ Causal Abstraction enables concise
representation of complex causal relations.

« r-abstraction provides a and explicit
intervention map for generic causal models.

* For linear models, we have sound guarantees
on both graphical and functional properties.

+ Applications exploit abstract causal properties
to understand and interpret complex models.
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